Introduction
In this paper we give conditions under which two abelian varieties that are defined over a finite field F , and are isogenous over some larger field, are F -isogenous. Further, we give conditions under which a given isogeny is defined over F .
If A and B are abelian varieties defined over a field F , and n is an integer not divisible by the characteristic of F and greater than 2, then every homomorphism between A and B is defined over F (A n , B n ), the smallest extension of F over which the n-torsion points on A and B are defined (see Theorem 2.4 of [11] ). In this paper (and earlier in [12] ) we consider the situation where we do not have full level n structure, and give conditions under which isogenies between rigidified polarized abelian varieties, with level structure given by maximal isotropic subgroups of ntorsion points, are defined over fields of definition for the rigidified polarized abelian varieties. Our main results are Theorems 4.3, 5.4, and 5.5 and Corollary 5.6 below.
We emphasize that our assumptions do not require that all the points on the given maximal isotropic subgroups be defined over F , but only that the subgroups be defined over F and that the restrictions of the isogeny to the subgroups be an isomorphism defined over F .
The results of this paper give improvements in the case of abelian varieties over finite fields, on results in [12] for abelian varieties over arbitrary fields. For example, Theorem 4.3 below does not hold in characteristic zero, even for elliptic curves. The results in this paper rely on the theory of abelian varieties over finite fields (see [15] ), and our results in [12] and [13] .
Abelian varieties over finite fields are useful in cryptography, especially in the case of elliptic curves and Jacobians of curves of genus two. Isogenies and torsion points arise, for example, when considering the so-called "distortion maps" in pairing-based cryptography, or when reducing the discrete log problem on one abelian variety to the discrete log problem on an isogenous one (see for example [16] , [4] , Chapter 24 of [2] , Chapter 5 of [5] ). These are settings where it can be important to know whether an isogeny is defined over the ground field, or is defined over an extension over which a given torsion point or subgroup is defined.
Next, we collect together hypotheses that are common to all our main results, and refer to them collectively as Φ(n). Definition 1.1. The condition Φ(n) will mean that the following situation (a -h) holds:
(a) A and B are abelian varieties defined over a finite field F , (b) n is a positive integer not divisible by the characteristic of F , Silverberg was partially supported by the National Science Foundation. Zarhin was partially supported by the Simons Foundation.
(c) f : A → B is an isogeny of degree prime to n, (d) µ is a polarization on B, defined over F , (e) B n is a subgroup of B n , defined over F , and containing a maximal isotropic subgroup of B n with respect to the e n -pairing induced by µ, (f) A n is a subgroup of A n , defined over F , such that the restriction of f to A n is an isomorphism from A n onto B n defined over F , (g) L is a finite extension of F of degree m over which f is defined, (h) λ is the polarization on A defined by λ = t f µf , and λ is defined over F .
The collection of hypotheses Φ(n) differs from the collection I(n) of our earlier work [12] in that it contains the additional assumptions that the field F is finite and the polarizations µ and λ are defined over F . Also, the degree of L over F is now given the label m.
A special case of our results is that if Φ(n) holds for some n ≥ 5 with m ≤ 3, and if A (and thus B) is L-simple, then A and B are F -isogenous (see Corollary 5.6).
Additional notation is defined in §2 below. In §3 we give some lemmas about abelian varieties over finite fields that enable us to prove our main results in §4. In §5 we apply the results of §4 and the Skolem-Noether Theorem to obtain additional information.
Notation and definitions
If F is a field, thenF denotes an algebraic closure of F , and F s ⊆F denotes a separable closure of F . A set C or a map g that is defined over F s is defined over F if and only if it is Gal(F s /F )-invariant (see p. 76 and p. 186 of [18] ). If A is an abelian variety defined over F , write A n for the kernel of multiplication by n in A(F ), write End(A) for the ring of (F -)endomorphisms of A, and let End 0 (A) = End(A) ⊗ Z Q. If n is not divisible by the characteristic char(F ), then A n is a free Z/nZ-module of rank 2dim(A), and A n ⊆ A(F s ) (see Chapter II of [7] ). Let End F (A) denote the ring of endomorphisms of A defined over F . Let End
If α is a homomorphism between abelian varieties that are defined over F , then α is defined over a finite separable extension of F (see Corollary 1, p. 258 of [1] ). If α ∈ Hom(A, B) is an isogeny, then α ′ denotes the unique element β of Hom(B, A) ⊗ Z Q such that αβ = 1 and βα = 1. If A * and B * are respectively the Picard varieties of abelian varieties A and B, and α ∈ Hom(A, B) ⊗ Z Q, then t α ∈ Hom(B * , A * ) ⊗ Z Q denotes the transpose of α (see p. 124 of [6] or p. 3 of [9] ). Polarizations on A will be viewed as isogenies from A onto A * . If A is an abelian variety defined over a field F , λ is a polarization on A, n is a positive integer not divisible by char(F ), and µ n is the Gal(F s /F )-module of n th roots of unity in F s , then the e n -pairing induced by the polarization λ is a skew-symmetric bilinear map e λ,n : A n × A n → µ n (see §75 of [17] for a definition) that satisfies:
A → B is a homomorphism of abelian varieties, λ and µ are polarizations on A and B, respectively, λ = t f µf , and x 1 , x 2 ∈ A n , then
(iii) if n is relatively prime to the degree of λ, then the pairing e λ,n is nondegenerate. If A is an abelian variety defined over a finite field F , let π F,A ∈ End F (A) denote the Frobenius endomorphism of A relative to F . Then π F,A is invertible in End 0 F (A). When we are under the hypothesis Φ(n), so that an isogeny f and a finite field L are given, we will let ϕ denote the isomorphism
2. An F -isotypic abelian variety is an abelian variety defined over F that is F -isogenous to a power of an F -simple abelian variety.
It follows easily from the Poincaré complete reducibility theorem that every abelian variety over F is F -isogenous to the product of its F -isotypic components.
We write ζ r for a primitive r-th root of unity.
Lemmas
The results in this section will be used in later sections to prove our main results.
Proposition 3.1 (See Corollary 3.4 of [13]). Suppose n is an integer greater than 4, Ø is an integral domain of characteristic zero such that no rational prime divisor
of n is a unit in Ø, α ∈ Ø, α has finite multiplicative order, and (α − 1) 2 ∈ nØ. Then α = 1.
The following proposition from [12] can be viewed as a variation on the Theorem on p. 17-19 of [8] , which says that an automorphism of an abelian variety that has finite order, and is congruent to 1 modulo some integer n ≥ 3, is the identity automorphism. Proposition 3.2 can be proved using Proposition 3.1. We now give some elementary lemmas concerning abelian varieties over finite fields, which we will make use of in later sections. Proof. Let τ ∈ Gal(F s /F ) denote the Frobenius element. By the definitions of τ , π F,A , and π F,B , we have τ (f )π F,A = π F,B f . Now f is defined over F if and only τ (f ) = f . Therefore, f is defined over F if and only if f π F,A = π F,B f . Proof. By hypothesis (f) of assumption Φ(n), we know that the restriction of the isogeny f to the subgroup A n is defined over F . As in Lemma 3.3, this means that f π F,A = π F,B f on A n . Therefore, we have (a). Since the restriction of f to A n is an isomorphism from A n onto B n , we have (b).
Suppose A is an abelian variety over a finite field F . By Theorem 2a on p. 140 of [15] , we have
Lemma 3.5. If A is an abelian variety over a finite field F , and L is a finite field extension of F , then the centralizer of
But from the definitions of σ and π F,A we have σ(β)π F,A = π F,A β. Therefore, σ(β) = β, and so β ∈ End 0 F (A).
Lemma 3.6. If A is an abelian variety over a finite field F , L is a field extension of F , and
Proof. The L-isotypic components of A are the abelian subvarieties of A of the form
is a field) and r is a positive integer such that rp ∈ End(A). Since Z L (A) ⊆ Z F (A), the abelian varieties (rp)(A) are defined over F .
Fields of definition for isogenies
In § §4-5 we determine fields of definition for isogenies of abelian varieties, under the hypothesis Φ(n) (see Definition 1.1) and certain additional conditions. In Theorem 4.3 and Proposition 4.2 we give conditions under which the given isogeny f is defined over F . In Proposition 4.1 we deal with an intermediate field of definition, between the fields F and L, for the isogeny f (and the restrictions of f to L-isotypic components of A), and use this result to prove the others.
Proof. We have π j F,Z = π F ′ ,Z for Z = A, A ′ , B, and B ′ . Let σ ∈ Gal(L/F ′ ) denote the Frobenius element, and let
L,B ′ = 1. Since the isogeny f has degree relatively prime to n, so does the isogeny σ(f ). Therefore, α ∈ End(B) ⊗ Z Z[1/r] for some positive integer r relatively prime to n. By Lemma 2.2c of [12] , we have (α − 1)B n ⊆ B n . By Lemma 3.4b above, α = 1 on B n . Therefore, (α − 1) 2 B n = 0, and so (α ′ − 1) 2 (B ′ ) n = 0. In case (i), Proposition 3.2 implies α = 1, as desired. Suppose ℓ is a prime divisor of n and let
be the natural map, where g = dim(B ′ ). Then T ℓ (α ′ ) is a matrix of finite order, and
2 ∈ nZ, whereZ is the ring of algebraic integers in an algebraic closure of Q. By Proposition 3.1, λ = 1. Therefore, 
Proof. This follows directly from Proposition 4.1 with j = 1. 
Proof. Lemma 3.3 gives the equivalence of (a) and (b). The implications (b) ⇒ (d) ⇒ (e) and (c)
. Similarly, the reverse inclusion,
follows from the fact that the centralizer in End
and therefore (
Similarly, to show that (e) ⇒ (b), note that (e) implies that
Therefore, (e) implies that ϕ ′ (π F,B ′ ) commutes with π F,A ′ , and so π F,B ′ commutes with (ϕ ′ ) −1 (π F,A ′ ). We thus have (e) ⇒ (b) from Proposition 4.2. Example 4.5. We give an example to show that one cannot drop the hypothesis that the ground field F is finite. Let A = B = E be an elliptic curve over F = R with complex multiplication, and take g ∈ End C (E) − End R (E), where C and R denote the fields of complex and real numbers, respectively. For each n ∈ Z >0 let f = f ′ = 1 + ng ∈ End C (E). Then End 0 R (E) = Q, E(R) contains a cyclic order n subgroupẼ n =Ã n =B n , f acts onẼ n as the identity map, and ϕ = ϕ ′ is the identity map. Here, conclusions (c-f) of Theorem 4.3 hold while conclusion (a) does not. Example 4.6. Next we give an example where Theorem 4.3 applies, and statements (a-f) all fail to hold (i.e., f ′ is not defined over F ). Suppose p is a prime, and either p = 5 or p ≥ 11. Let A = B = E be a supersingular elliptic curve over F = F p (see Chapter V of [10] for basic facts about elliptic curves over finite fields, especially supersingular ones). Then #E(
, where Frob denotes the Frobenius endomorphism. By Corollary III.4.11 of [10] there exists λ ∈ End(E) such that aλ = Frob − 1. Since the characteristic polynomial of Frob is x 2 + p, it follows that the characteristic polynomial of λ is
. Thus a = 1 or 2, and if p ≡ 1 (mod 4) then a = 1. Therefore either E(F p ) is cyclic (of order p+1), or p ≡ 3 (mod 4) and E(F p ) has a cyclic subgroup of order (p + 1)/2. LetẼ n be a cyclic subgroup of E(F p ) of order n ≥ 5 (such exist by the assumptions on p; further, p ∤ n). Pick g ∈ End(E) − End Fp (E) and let f = f ′ = 1 + ng ∈ End(E) − End Fp (E). Then f acts onẼ n as the identity map, L = F p 2 , and m = 2. By Theorem 4.3, ϕ(Z Fp (E)) and Z Fp (E) must be different quadratic subfields of the quaternion Qalgebra End 0 (E).
Remark 4.7. It follows directly from Proposition 4.2 that if we have Φ(n) for some n ≥ 5, and End L (A) is commutative, then f is defined over F . However, this result also follows directly from Theorem 1.3 and Remark 1.4 (see also Remark 1.5) of [12] , which imply that if we have Φ(n) for some n ≥ 5 and End
is commutative and L is finite, then using (2) we have End
Applications of the Skolem-Noether Theorem
In Theorem 1.6 of [12] we showed that if we have Φ(n) for some n that does not divide m 2 , then A and B are F -isogenous. In Theorems 5.4 and 5.5 below we give other conditions on m under which (with certain additional conditions on the abelian varieties) A and B are F -isogenous. First we state the Skolem-Noether Theorem, which we will use in Proposition 5.2. For a proof, see Theorem 3.62 on p. 69 of [3] . The remaining theorems will all make use of the following result.
Proposition 5.2. Suppose A and B are abelian varieties defined over a finite field F , f : A → B is an isogeny defined over a field extension L of F , and for each of A and B the number of F -isotypic components is equal to the number of L-isotypic
be the isogeny induced by f , and define an isomorphism
Proof. The hypothesis about isotypic components implies that every L-isotypic component is also an
The algebra M is a central simple K-algebra, since by our assumption A ′ is Fisogenous to a power of an F -simple abelian variety. Further, N is a simple Ksubalgebra of End
The Skolem-Noether Theorem shows the existence (after multiplying, if necessary, by a sufficiently divisible integer) of an isogeny u ∈ End
, and in particular,
By Lemma 3.3, the isogeny f ′ u is defined over the field F . Summing the isogenies f ′ u corresponding to the different L-isotypic components of A, we obtain an Fisogeny from the product of the L-isotypic components of A to the product of the L-isotypic components of B. Since, under our hypotheses, A and B are each Fisogenous to the products of their L-isotypic components, we obtain the desired result.
Remark 5.3. If an abelian variety A over a finite field F is F -isogenous to a power of an F -simple abelian variety, and L is a field extension of F , then the number of F -isotypic components of A is equal to the number of L-isotypic components of A. This is because A being F -isogenous to a power of an F -simple abelian variety is equivalent to Z F (A) being a number field. Since Z L (A) ⊆ Z F (A), if Z F (A) is a number field so is Z L (A), and therefore A is L-isogenous to a power of an L-simple abelian variety. 
be the isogeny induced by f , and let ϕ ′ : End
Since L and F are finite fields, by (2) we have inclusions of number fields
Let e be the largest divisor j of m such that π L,B ′ is a j th power in the field
. We will now show that the minimal polynomial for
Each root of h(t) is the product of π F,B ′ by an m th root of unity. Suppose g(t) is an irreducible monic factor of h(t) over Z L (B ′ ). The constant term of g(t) is an element of Z L (B ′ ) that is a product of roots of h(t), so it is the product of π c F,B ′ by an m th root of unity, where c is the degree of the polynomial g.
, so by the definition of e, we now have m/d ≤ e. Therefore, m/e ≤ d ≤ c = deg(g). Since m/e is the degree of the polynomial h, we have h = g and h is irreducible.
Let
, and the above reasoning shows that t m/e − Π A ′ is the minimal
The composition of the natural isomorphisms
, where the middle isomorphism is given by the map ϕ ′ , defines an isomorphism
. We can now apply Proposition 5.2.
Theorem 5.5. Suppose we have Φ(n) for some n ≥ 5, m is prime, and for each of A and B the number of F -isotypic components is equal to the number of Lisotypic components. Suppose also that for each
Proof. We will apply Proposition 5.2. Suppose A ′ is an L-isotypic component of A, and let
′ is the isogeny induced by f . It suffices to show there exists an isomorphism δ : with J a subset of {0, 1, . . . , m − 1}. If the sum is zero, then J = {0, 1, . . . , m − 1} and g(t) = t m − π, so t m − π is an irreducible polynomial over Z whose roots include π F,A ′ and π F,B ′ , and therefore there is an isomorphism δ as desired. So we can suppose the sum is non-zero. Therefore, π F,A ′ ∈ Z(ζ m ).
Consider the inflation-restriction exact sequence (Kummer theory) As an immediate corollary we have: Corollary 5.6. Suppose we have Φ(n) for some n ≥ 5, for each of A and B the number of F -isotypic components is equal to the number of L-isotypic components, and m ≤ 3. Then A and B are F -isogenous.
Proof. In the notation of Theorem 5.5, if m ≤ 2 then Q(ζ 3 ) = Q ⊂ Z. If m = 3, then Q(ζ 3 )/Q is quadratic, so every number field (including Z) either contains (a subfield isomorphic to) Q(ζ 3 ) or is linearly disjoint from it over Q. In both cases, the desired result follows from Theorem 5.5.
